A METHOD FOR INTEGRAL COHOMOLOGY OF POSETS 

antonio diaz ramos 

1. Introduction and summary 

Homotopy type of partially ordered sets (poset for short) play a crucial role in alge- 
braic topology. In fact, every space is weakly equivalent to a simplicial complex which, 
of course, can be considered as a poset. Posets also arise in more specific contexts 
as homological decompositions [lOl El [161 120] and subgroups complexes associated to 
finite groups [3, [26l H] • The easy structure of a poset has led to the development of 
several tools to study their homotopy type, including the remarkable Quillen's theo- 
rems [25] and their equivariant versions by Thevenaz and Webb [28] . In spite of their 
apparent simplicity posets are the heart of many celebrated problems: Webb's con- 
jecture (proven in |2^ and generalized in [21]), the unresolved Quillen's conjecture on 
the p-subgroup complex (see [1]), or the fundamental Alperin's conjecture (see pL9]). 

In this paper we propose a method to compute integral cohomology of posets. This 
toolbox will be applicable as soon as the poset has certain local properties. More 
precisely, we will require certain structure on the category under each object of the 
poset. By means of homological algebra of functors we prove that, in the presence of 
these local structures, the cohomology of the poset is that of a co-chain complex 

(1) ^ Mo ^ Ml ^ Ms ^ . . . , 

where M„ is free with one generator for each object of "degree n" of the poset. If the 
local structure is shared at a global level by the whole poset, further developments 
show that the cohomology of the poset is that of a co-chain complex 

(2) ^ fio ^ 5i ^ ^2 ^ . . . , 

where Bn is free with one generator for each "critical" object of "degree n" of the 
poset. We also obtain the inequalities 

(3) &„<rkS„ 
and 

(4) 6„ - bn^i + ... + (-l)"&o <TkBn- rkB„_i + . . . + (-l)"rk5o. 

where the b. are the Betti numbers of the geometrical realization of the poset. 

The complex ([T]) applies to simplex-like posets, i.e. posets such that the category 
under any object is isomorphic to (the inclusion poset of) a simplex. The notion of 
simplex-like poset is half-way between semi-simplicial complexes (as defined originally 
by Eilenberg and Zilber in [TT]) and simplicial complexes in the classical sense. In 



Date: February 1, 2008. 



1 



2 



ANTONIO DIAZ RAMOS 



this latter case the co-chain complex ([T]) reduces to the usual simplicial co-chain 
complex for integral cohomology. Notice that all the examples in the first paragraph 
are simplex-like posets, but not all of them are simplicial complexes. 

Equations and (jl]) closely resemble weak and strong Morse inequalities and, in 
fact, whenever the poset is a simplicial complex equipped with a Morse function (see 
[2^ [T3] ) our complex ([2]) is similar to the associated Morse complex on the critical 
simplices. It is interesting to point that while the Morse complex is obtained after 
reconstructing the poset by homotopical gluing through critical points of the Morse 
function, our complex here is directly achieved through homological algebra. 

As first application we give an alternative proof of (the cohomological part of) 
Webb's conjecture for saturated fusion systems (already proven in [H]). Further 
applications are related to Coxeter groups: we prove that the Coxeter complex has 
the cohomology of a sphere if the group is finite and that of a point if the group is 
infinite. 

The layout of the paper is as follows: Section [2] contains preliminaries about graded 
posets and homological algebra on the category of functors. In Section [3] we define 
the local structure ("local covering family") we require on the under categories of a 
poset and study its properties. Further application of these features leads, through 
Section HJ to a sequence of functors to compute the integral cohomology of a graded 
poset. This culminates in the co-chain complex ([T]). The global structure on the poset 
("global covering family") is defined and used in Section [S] to obtain co-chain complex 
([2]) and the inequalities ([3]) and (jlj). In Section [6] we show how simplex-like posets fit 
in this context. As an example we give a poset model of the real projective plane. 
Next, Section [7] is devoted to show the interplay between Morse theory and global 
covering families. Finally, Webb's conjecture is proven in Section [8] while Coxeter 
groups are treated in Section [91 

Notation: By the symbol V we denote a category which is a poset (see Section 
12] below), and their objects will be denoted by p, g, . . . G Oh(V). All posets will be 
graded, which means roughly that objects have an assigned degree (see below for 
precise definitions). Then Vn = Ob„(P) denotes the set of objects of degree n. By 
Ab and Ab^ we denote the category of abelian groups and of functors from V to Ab 
respectively. If 5* is a set then IS*! denotes the number of elements in 5*. For a category 
C, we denote its opposite category by 0°^ and its realization by \C\ (the geometrical 
realization of the (simplicial set) nerve of the category C). The functor cz '■ C ^ Ab 
is the functor which sends any object to Z and any morphism to the identity on Z. 

Acknowledgements: I would to thank my Ph.D. supervisor A. Viruel for his 
support during the development of this work, and for reading and listening to so many 
different versions of it. Also, thanks to S. Shamir and F. Xu for making comments 
on it. 

2. Preliminaries 

In this section we introduce some homological algebra on the abelian category of 
functors Ab^ from a given category V to the category Ab of abelian groups. We shall 
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work over a special kind of categories V called graded partial ordered sets (defined 
below). As well we define the coliomology of V with coefficients F G Ab'^ and show 
a "shifting argument" to compute this cohomology. This method will be developed 
systematically in the next section in case F takes free abelian groups as values. 

Definition 2.1. A poset is a category V in which, given objects p and p', 

• there is at most one arrow p ^ p\ and 

• if there are arrows p ^ p' and p' ^ p then p = p'. 

Clearly a poset defined as above is exactly the same as a set endowed with a partial 
order. If P is a poset we will write sometimes p < p' to denote that there is an arrow 
p p', and p < p' if this is the case and p ^ p'. To define graded posets we first need 
to introduce preceding relations: 

Definition 2.2. If "P is a poset and p < p' then p precedes p' if p < p" < p' implies 

that p = p" or p' = p". 

Definition 2.3. Let "P be a poset. V is called graded if there is a function 
deg : Oh{V) —>■ Z, called the degree function of V, which is order reversing and 
such that if p precedes p' then deg{p) = deg{p') + 1. If p G Ob('P) then deg{p) is 
called the degree of p. 

Notice that for a given poset V and an object pq G Oh{V) the under category 
(Po i 'P) (see [22]) is exactly the full subcategory with objects {p|po < v}- We also 
define 

Definition 2.4. Let P be a graded poset, let po ^ Ob(P), let n e Z and let S C Z. 
Then we define (po i 'P), (Po I 'P)*, (Po i P)n and (po i P)s as the full subcategories 
of V with objects {p|po < p}, {p|po < p}, {p\Po < P,deg{p) = n} and {p|po < 
p,deg{p) G S} respectively. 

From the homotopy viewpoint, restricting to graded poset means no loss: any 
topological space is weakly homotopy equivalent to a CW-comp\ex which, in turn, 
is homotopy equivalent to a simplicial complex. This last can be seen as a graded 
poset in which the degree function is the dimension of its simplices (more precisely 
and according to our definition of order reversing degree function, the opposite of the 
simplicial complex is the graded poset). 

The category Ab"^, with objects the functors F : V ^ Ab and functors the nat- 
ural transformations between them, is an abelian category in which the short exact 
sequences are the object-wise ones (see |23])- Because it contains enough injectives 
objects (see [29]) we can define the right derived functors of the inverse limit functor 
hm : Ab^ Ab. For a given functor F G Ab^ we define the cohomology of V with 
coefficients in F as 

H*(V; F) = lim*F. 

If F is the constant functor of value M G Ab then H*{V] F) equals the cohomology of 
the topological realization |P|, of V, with trivial coefficients M. A functor F G Ab^ 
will be called acyclic if H*(V; F) = for * > 0. 
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Remark 2.5. In the rest of the paper we assume the following on any graded poset 
V: 

• the set {pIpo < v} is finite for any po ^ Ob(P), and 

• the degree function deg of V takes values {. . . , 3, 2, 1, 0}. 

The second condition above is equivalent, by definition, to the poset V being hounded 
above, as we can always consider translations of a degree function {deg' = deg + c). 
These conditions will be clearly fulfilled in the applications. 

Next we introduce some acyclic objects in Ab^. 

Definition 2.6. Let V he a graded poset and F G Ab^. Then F' is the functor 
defined by 

F'ipo)= n ^(p) 

pe(poi-P) 

on objects po G Oh{V). For a morphism pi — > po the summand F{p) corresponding 
to pi < p is mapped by the identity map to itself at the summand corresponding to 
Po ^ P if Pi ^ ^ P- Otherwise it is mapped to zero. 

Notice that F' is built in a similar way as enough injectives are shown to exist in 
Ab'^ (see [HI 243ff.]). The next result summarizes some interesting properties of the 
functor F': 

Theorem 2.7. Let F : V Ab be a functor over a graded poset. Then the following 
holds: 

(a) for each G G Ab'^ there is a bisection 

Hom^bKC, F') UpeOHV) HomAb(G(p), F{p)), 

(b) \unF'^U,eOHV)nP), 

(c) F' is acyclic, and 

(d) F' is infective in iKb^ if and only if F{p) is infective in Ab for each p G Oh{V). 

Proof. For the first part, the bijection ip : Yiornj^-^v {G , F') — » npGOb{-p) HomAb(G'(p), F{p)) 
is given by 

where Hp : F'{p) F{p) is the projection into the summand corresponding to p < p. 
The second part is consequence of Q and of the isomorphism of abelian groups 

limiJ = Eoin^^v{Z,H) 

for any H G Ab"^, where Z is the functor V Ab of constant value the integers. 
Part y is proven in [9j. There it is also proven that F' is injective if and only if F 
takes as values injective abelian groups. □ 
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To finish this section we discuss shortly how to compute higher hmits via a "shifting 
argument". Fix F G Ab^ and consider Ker^ G Ab^ defined by 

Kerir(po) = Pi KerF(po-*p) 

pe(poi-P). 

and such that sends non-identity morphisms to zero. By Theorem 12. 7t6]) if we have a 
family of maps {r^ : F{p) 'KeiF{p)}p&oh{v) then there is a natural transformation 
X : F ^ Ker^. If A is object-wise injective then we obtain a short exact sequence in 
Ab^ 

^ F ^ Ker'^ ^ G ^ 0, 

where G is the object-wise co-image of A. By Theorem 12. 7!&]) Ker^ is acyclic, and thus 
the long exact sequence of the derived functors lim* gives lim*F = lim^'^G for i > 1 
and lim^ F = CoimjlimKer^ — > limG}. The conditions in the next definition ensure 
that we can build such a natural transformation A which is object-wise injective: 

Definition 2.8. Let V he a graded poset, let F : V ^ Ab be a functor and let n G Z. 
We say that F is n-condensed if 

(a) F{i) = if degii) < n, and 

(b) Kei p{i) = if degii) > n. 

If the functor F is n-condensed then we can consider the natural transformation 
\ : F ^ Ker^ given by Theorem 12.716]) for the maps Tp : F{p) ^ Ker f{p) 

1f{p) if degij)) = n 

otherwise. 
Notice that we have 

KerM= l^^P^ iidegip) = n 
I otherwise 

by hypotheses and (jb]) of Definition 12.81 Moreover the functor Ker'^ takes values 
on objects 

(5) Ker^(po)= J] ^^P^' 

The homomorphism Ap : F{p) — > Ker'^(p) is given by 

A.= n F{po^p):Fipo)^KeMpo)= J] ^^P^' 

So Aj is a kind of "diagonal" . An easy induction argument on deg{p) G {n, n + 1, . . .} 
shows that A is a monic natural transformation and we obtain 

Lemma 2.9. Let F : V ^ Ab he an n-condensed functor. Then there is a short 
exact sequence 

=^ F =^ Ker'p =^ G =^ 0. 
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On the object po, G takes the value 

(6) G{po)= n m/Koinpo)). 

pe{poiP)n 

It is clear that G satisfies condition Q of Definition 12.81 for n + 1, but in general 
condition (jbj) does not hold for G and n + 1. More precisely, if degipo) > n + 1 then 
KerG(po) = is equivalent to the natural map 



F{po) 



lim F 

(pqIV), 



being an isomorphism. This natural map is a monomorphism by condition (jb]) of F 
being n-condensed. So, KerG'(po) = if and only if F(po) — ^ lim, , -F is surjective. 
We summarize these results in the following: 

Lemma 2.10. Let F : V Ah be an n-condensed functor. Then there is a short 
exact sequence 

„ A 







Ker' 



^G 



0. 



Moreover, G is {n + l)-condensed if and only if for each object po of degree greater 

than n + 1, we have F(po) lim, F. 

^ ' < — (polV)* 

Example 2.11. Consider the graded poset V with shape 



where the subindexes denote the degree of the objects. The geometrical realization 
\V\ has the homotopy type of a two dimensional sphere S"^. Consider now the functor 
F : V —>■ Ab with values 



x2 x3 
*- Z4 *- Z12 




The functors Ker^ and Ker'^ have values 




and 
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respectively. As Keip i s con centrated in degree the functor F is 0-condensed. The 
functor G from Lemma [2.91 is given by: 



where vr : Zg ^ Z3 is the quotient map. Notice that G is not 1-condensed as Kerc 
takes the value Z2 on the two objects of degree 2 of V. In fact, if deg{po) = 2, then 
the map 



lim^F = Coim{limKer'^ ^ limG} = Coim{Zi2 © Z12 ^ Z2 © Zg © Z12} = Z2. 

The next section is devoted to finding "local" conditions on the shape of the poset 
V such that G and the subsequent functors obtained by applying Lemma 12.91 to a 
functor F that takes free abelian groups as values turn out to be condensed. 



In this section we study a bit further the condition given in Lemma I2.1UI when 
dealing with a functor F which satisfies the following condition 

Definition 3.1. Let F : V ^ Ab be a functor where P is a graded poset. We 
say that F is free if F{p) is a finitely generated free abelian group for each object 
p e Ob('P) (not to be confused with a free object in the abelian category Ab"^). 

We also shall need the following 

Definition 3.2. Let A ^ B he & map between free abelian groups. We say that / 
is pure if Coker(/) is a free abelian group (see [T5]). 

\i A = Z" is a finitely generated free abelian group we call rk(A) =^ n. The 
following property of pure maps is straightforward, and will be used repeatedly in 
what follows. 

Lemma 3.3. Let A B he a map in Ab between free abelian groups of the same 
rank. If f is pure and injective then it is an isomorphism. 

Now consider the condition in Lemma 12.101 again: fix po of degree greater than 
n + 1 and consider the map given by restriction 







e Z12 Z3 ® Z12 









3. Local covering families 



lim F = Hom(p,|p), (cz, ^) ^ JJ 
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over a subset J {po I 'P)n- If this restriction map turns out to be injective (notice 
that it is injective for J = {po [ V)n because F is n-condensed) then the composition 

F(po)^ lim F^\[F{p) 

is also injective. If F is a free functor (Definition I3.ip then both groups F{pq) and 
Ylp^j F{p) are free abelian groups (because we are assuming Remark 1^75]) . If the map 

F{Po)^llF{p) 

is pure then, by Lemma [3.3[ the condition rkF(po) = XlpeJ^^-^(^') ™pli6s that this 
composition is an isomorphism and so F{pq) lim^ F. Thus we study the 
subsets J C Ob('P) that make this restriction map a pure monomorphism: 

Definition 3.4. Let V he a graded poset with degree function deg. A family of 
subsets J = {J'fi°}poeOb{v),o<n<deg{po) with JP° C [pq I V)n is a local covering 
family if 

a) For each po and < n < deg{po) it holds that UpeJ™i(^' J- '^)" ^ (^'o i T^)n 

b) For each po, < n < deg{po) and p G J^Xi it holds that C Jp^ 

Notice that the definition above does not depend on a functor defined over the 
category V. Also, we have J^lg^p^^ = {po} by [aj). The next definition states the 
relation we expect between a local covering family and an n-condensed free functor 

Definition 3.5. Let "P be a graded poset, be a local covering family and F : V 
Ah be an ?7,-condensed free functor. We say that F is J' -determined if for any object 
Po of degree greater than n + 1 the restriction map 

lim F-^ JJ F{p) 
(polV)* pej^o 

is a monomorphism and the map 

F{po) ^ n ^(p) 

peJr° 

is pure. If deg{po) = n+1 then we require the last map above to be a pure monomor- 
phism. 

The main feature of local covering families is that they allow freeness plus in- 
determinacy to pass from F to G. For an object Pq with deg{po) > n + 1 notice that 
the map 

F{po) ^ n ^(p) 

peJr° 

is a pure monomorphism as consequence of Definition 13. 5[ The condition of Definition 
13.51 for deg{po) = n + 1 is added in order to obtain that G is a free functor. Notice 
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that the following proposition restricts to functors which take free abelian groups as 
values. 

Proposition 3.6. Let V be a graded poset and J a local covering family. Assume 
that F : V ^ Ab is n-condensed, free and J -determined and consider the functor G 
defined by 

=^ F =^ Kei'p =^ G =^ 0. 

If for each object Pq with deg{po) > n + 1 it holds that rkF(po) = XlpeJ^" rkF(p), 
then G is {n + l)-condensed, free and J' -determined. 

Proof. Notice that the hypothesis implies that for any object po of degree deg{po) > 
n + 1 the two maps 

F(po) ^ lim F ^ J] F{p) 

are isomorphisms. In particular, F[po) —>■ Ih^j-^ j^^-j F and so G is (?7, + l)-condensed. 
If deg{po) = n + 1 then the map 

Fipo) ^ n ^(p) 

is an isomorphism by hypothesis. Next we prove that G is a free functor. Consider 
any p e Oh{V) with deg{p) > n + 1 (if deg{p) < n + 1 then G{p) = 0) and the short 
exact sequence of abelian groups 

F{p) ^ Kei'pip) ^ G{p) 0. 
Then it is straightforward that the map 

Sp : Ker^p) = J] ^^^^ ^ 11 ^(^) ^ ^^P^ 

qe{plV)„ q&jP 

is a section of Ap, i.e. Sp o Xp = If{p) (since the restriction map F{p) IlgeJ^ F{q) 
is injective). This implies that the short exact sequence above splits and so G{p) is a 
subgroup of the free abelian group Ker'^(p), and thus it is free as well. 

Next we prove that G is jT-determined. Take po of degree n = deg{po) greater than 
n + 2. We first check that the restriction map 

lim JJ G{p) 

is injective. Consider any element ip G lim^ G = Hom^^jp(Z, G) which is in the 

kernel of the restriction map above. Notice that, as deg{pQ) > + 2, we can consider 
the subset J^!]_2 C (pg i P)*. If for any q e J^^J_2 it holds that ipqiX) = then ip = 
because of Definition 13.46]) and because G is (n + l)-condensed. 
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Thus take q G We want to see that x =^ '^/'^(l) = 0. Recall the short exact 

sequence of abelian groups 

^ F{q) h Ker'^(g) G{q) ^ 

and take y G Ker'^(g) such that 'Kqiy) = x. Recall that Ker'^(g) = npg(gj,p)„ ^(.P) 
denote hj ap : q ^ p the unique arrow from g to p for p G {q l'P)n- 

Now consider the restriction y\jq G IlpeJ^ -^(p)- Because deg{q) = n + 2>n + l 
the map F{q) — > IlpeJ^ ^ip) is an isomorphism by hypothesis. Then there exists a 
unique z G F{q) with F{ap){z) = yp for each p G C (g | V)n- If we prove that 
F{ap){z) = yp for each p G (g | V)n then Xq{z) = y. This implies that x = ng{y) = 
7rq{Xq{z)) = and completes the proof. 

Thus take p G (g | V)n- By Definition I3.4ftl) there is Pp : p' ^ p with p' G Jn+i- 
Write Ppi : q p' for the unique arrow from q to p'. It holds that ap = Pp o [3pi. 
By Definition [33E]) we have that J^+i C Jl\^. Thus G(/3pO(a;) = G'(/3p/)(V'g(l)) = 
= as '?/' is in the kernel of the restriction map. The short exact sequence 

^ F{p') ^ Ker'^(p') ^ G{p') ^ 

implies that there exists tpi G F{j)') such that \p'{tpi) = Ker^(/?p/)(?/). Consider 
Zp/ = F{(3pi){z). We have that and tpi have the same image by the restriction map 

limF ^ JJ F{p) 

-PS' p&jt 

because J^' C J^. Because F is jT-determined then this restriction map is a monomor- 
phism and so Zpi = tpi. This implies that 

F{ap)iz) = F{(3p o I3p,)iz) = F{Pp){zp,) = F{l3p){tp,) = yp 

and the proof of the restriction map being injective is finished. 
Now we check that the map 

^■■G{po)^ n ^(p) 

is pure. Take z G HpeJ^fi ^(p) ^^'^ that there exists x G G{j>q) with m ■ z = uj{x) 
for some m 7^ 0. We have to check that there exists x' G G{pq) with z = uj{x'), or 
equivalently, that x = m ■ x' for some G G{po). Recall once more the short exact 
sequence of abelian groups 

^ F{po) '-^ KeMpo) ^-^ G{po) - 

and take y G Ker^(po) with TCpo{y) = x. We are going to build h G F{pq) such that 
y — \po{h) = m ■ y', i.e., such that for any p E {po I V)n the element {y — Xpo{h))p = 
yp — F{pq p){h) G F{p) is divisible by m. This implies that x = m ■ x' with 

Notice that by hypothesis for each g G J^+i, G{j>q q){x) = m ■ Zq E G{q). 
This implies that there exist hq G F{q) and yq G Ker'j;.(g) such that Ker^(po 
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q)(y) — Aq(/ig) = m- Hg, i.e., such that for each p E {q [ V)n ^ {po i '^)n we have that 
y.p - F{q p){hq) = m ■ {yg)p e F{p) (it is enough to take yq with Tiqiyq) = Zq). 
To build h we use the map 

r : W F{p) ^ Fipo) 
given by hypothesis, which is the inverse of the map 

F{po) n ^(p)- 

For each p G C (po i V)n choose, by Definition 13.46]) . q{p) G such that there 
is an arrow q{p) p. Then set rjp = F{q{p) — > p){hq(^p)) G F{p), where hq(j,) is built 

as before. Define h =^ ^{7]). By construction F(po p){h) = F{q{p) p){hq(p)) for 
each p G (but not for an arbitrary p G (po i 'P)n)- 

With this definition for h we check now that yp — F{pq —>■ p){h) is divisible by m 
for each p G (po i 'P)n- This finishes the proof. Fix p G (po i 'P)n and qp G such 
that there is an arrow qp ^ p (we are not assuming that qp = q{p) if p G J^^)- On 
the one hand we have by hypothesis that 

yk - F{qp k){hq^) = m ■ {yq^)k 

for each k G Vn'' ■ In particular, 

(7) yk-F{qp-^k){hq^)=m-{yq^)k 

for each k G Jn ■ Set h' =^ F{po —>■ qp){h). Because qp G J^+i then, by Definition 
l3.4lo]) . Jn^ C JPo and thus by construction for any k G Jn 

yk - F{po k){h) =yk- F{q{k) k){hq^k)) = m ■ {yq[k))k- 

Notice that F{po k){h) = F{qp k){F{po qp){h)) = F{qp k){h'). On the 
other hand, we have obtained 

(8) yk - F{qp ^ k){h') = m ■ iyq{k))k 
for each k G J'n'' ■ 

Now write rjk = {yq(k))k — {yqp)k for each k G Jn^ and write h" = T{ri) G F{qp) 
where r is the inverse of the map 

F{<ip) - n ^^p)- 

By Equations (j7]) and ([8]) it is straightforward that the elements /ig^ — m ■ h" and 
/i' have the same image by this map. Then, as this map is injective by hypothesis, 
h' = hq^ — m ■ h". As p G Jn^ we have 

yp - F{po p){h) = yp- F{qp p){h') = yp - F{qp p){hq^ - m ■ h"), 

and this equals 

■ iygp)p + m ■ F{qp p){h"). 
Thus yp — F{pq p){h) is divisible by m. 
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If deg{po) = n + 2 we have to see that the map 

is a pure monomorphism. To prove that is a monomorphism use the proof above 
starting where ipq is considered for an arbitrary object q of degree n + 2. The proof 
of u being pure is exactly the same as above. □ 

Remark 3.7. Notice that in the conditions of the proposition we have the following 
formula for the rank of the free abelian group G{pq) for deg{po) > n + 1 

rk(G(po))= Yl rkF(p)-rkF(po). 

pe{poi7')„ 

This is so because of the short exact sequence of free abelian groups 

Fipo) '-^ Ker^(po) G{po) - 0. 
Remark 3.8. In the conditions of the proposition there are isomorphisms 

FiPo) ^ n ^^p^ 

for each po with deg{po) > n + 1. Moreover, we have built a map Sp^ : Ker^(po) — ^ 
F{po) with o = 1f(po)- To the homomorphism Sp^ corresponds the monomor- 
phism 

Gipo)^KeT'M 

given by 

which satisfies vTpQ o6p^ = 1g(po)- straightforward that, by construction, Im^p^ = 

G{po) n ^(p)- 

pe(poiP)n\J^" 

Moreover, x = Spg{y) is the only preimage of y by Hp^ which verifies Xp = for p E J^°. 

The main consequence of the previous proposition is that it reduces the problem of 
whether G is {n + l)-condensed to some integral equations. Moreover, this procedure 
can be applied recursively because the resulting functor G turns out to be (n + 1)- 
condensed, free and ^/-determined, and so the proposition applies to G too. Notice 
again that the ranks of G are given by Remark 13. 7[ 
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Example 3.9. Consider the graded poset V with shape 



0-2 ^ Ci ^ /(, 




b2 — ^ ei — ^ hQ, 



where the subindexes denote the degree of the objects. Notice that V has the homo- 
topy type of a wedge of 4 2-dimensional spheres Vi^=i The sets 

Jl = {c}, J', = {/}, Ji = {4, Ji = [g], Jl = {e}, = {h}. 
J2 = = {c}, Jo" = {/}, 4 = Jl = {e}, 4 = {h}. 

define a local covering family J for V. Consider now the the functor F : V —>■ Ab 
with values 

Z — ^ Z — Z 



TL — ^ Z — Z, 

such that all the arrows arriving and departing from c and e are the identity and 
all the arrows arriving and departing from d are minus the identity. Then F is 0- 
condensed, free and jT-determined. Moreover, equations in Proposition 13.61 hold for 
any object of degree greater or equal to 1. Thu s we obtain a functor G which is 
1-condensed, free and j7-determined. By Remark 13.71 we know the ranks of the free 
abelian groups that G takes as values: 



Z2 — ^ T? — ^ 




Z2 ^ Z2 ^ 0. 



Moreover, equations in Proposition 13.61 applied to G hold for any object of degree 
greater or equal to 2, and thus we obtain a functor H which is 2-condensed, free and 
jT-determined: 

^4 ^ ^ 

^ ^ 0, 

By RemarkEHwe can identify G(a) ^ F{g)®F{h) = Zg®Zh. Also G(c) ^ Zg®Zh, 
G{d) = Zf Q)Zh and G{e) = Zj Q) Zg. By the definition of G as a co- image it is easy 
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to see that 

G{a ^ c) : ZgQZh^Zg^'Lh 
{9,h) ^ {g,h). 

Also G{a d){g, h) = {—g, h — g) and G{a e){g, h) = {—h,g — h) with respect to 
the ordered basis mentioned above. Additional computations lead to 

limF = Z, 

WF = Coim{limKer'^ limG} = Coim{Z^ 1?} = 0, and 
WF = Coim{limKerG ^\imH} = CoimfZ*^ ^ Z^} = Z^ 

4. Integral cohomology 

In this section we apply the work developed in the preceding sections to compute the 
cohomology with integer coefficients of the realization of a graded poset V equipped 
with a local covering family J'. 

To compute the abelian group if"(|P|;Z) for n > we compute the higher limit 
lim "cz where cz '■ V —>■ Ab is the functor of constant value Z which sends every 
morphism to the identity l^- We begin studying the extra conditions that the local 
covering family J' must satisfy to apply iteratively the Proposition 13.61 beginning on 

First, notice that cz is 0-condensed (we are assuming 12.51) and free (Definition 13. ip . 
By Definition 13.51 cz is jT-determined as 0-condensed functor if and only if for each 
Po G Ob('P) with degipo) > 2 the set Jq° intersects each connected component of (po i 
V)^. The dimensional equation in Proposition 13.61 for pn G Ob('P) with deg{po) > 1 
becomes rkcz(po) = 1 = \Jo°\ = Spgjpo rkcz(p). Thus, cz is jT-determined as 
a 0-condensed functor if and only if (po i "P)* is connected for deg{po) > 2 and 
I Jg"! = 1 for deg{po) > 1. The successive applications of Proposition 13.61 give, by the 
dimensional equation in the statement of the Proposition 13. 6[ the following: 

Definition 4.1. Let V he a. graded poset. Define, inductively on n, the number Rf^° 
for each object po with deg{po) > n hy Rq° = 1 and by 

-^n" — -^n-l ~ -^n-l 

for n > 1. 

Definition 4.2. Let P be a graded poset and be a local covering family for V. 

We say that J' is adequate if {po J. V)^ is connected for deg{po) > 2, and if we have 
the equality 

for n > and deg{po) > n + 1. 
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Proposition 4.3. Let V be a graded poset and let J he an adequate local covering 

family. Then there is a sequence of functors Fq, Fi, F2, . . . defined by Fq = ci:V^ 
Ab and by the short exact sequence 

=^ En,^, Ker'^„_^ ^ F„ ^ 

for n = 1, 2, 3, . . .. Moreover, F„ is n-condensed, free and J -determined for n > 0. 
For deg{po) > n we have rkF„(po) = Rn° ■ 

The local properties of a graded poset V equipped with an adequate local covering 
family J' give rise to a sequence Fq = cz, Fi, F2,. . .of functors. Now, we study some 
properties of these functors which are independent of the local covering family J'. 

The first point to notice is that the sequence of functors from Proposition 14.31 does 
not depend on the adequate local covering family J'. Thus, two or more adequate 
local covering families can be considered for the the same graded poset and they still 
give rise to the same sequence of functors. Next we focus on the short exact sequence 

=^ F„_i =^ Ker'^„_i =^ F^ =^ 

for n > 1 of Proposition 14.31 The beginning of the long exact sequence of derived 
functors for this short exact sequence is 

(9) Im Fn-i — lim Ker^.^^ lim F„ ^ H-{V- Z) 

by Theorem 12.71 where = A„_i and ci;„ = vr^ are the induced maps. Notice that 
the three inverse limits appearing above are free abelian groups as the corresponding 
functors take free abelian groups as values. In fact, for the middle term we have the 
exact description 

(10) limKer^^^^ J] F„_i(p) 

peOb„_i(P) 

given by Theorem 12.71 It turns out that there is also a simpler description for limF„, 
which can be interpreted as the analogue in the context of CW^-complexes to the 
fact that the cohomology on degree n depends upon the n + 1 skeleton (recall that 
Fnip) = if deg{p) < n): 

Lemma 4.4. Let V be a graded poset and let J be an adequate local covering family. 
Let cz, -Fi, -F2, ■ ■ ■ be the sequence of functors given by Proposition \4.3\ Then 

lmF„ = limF„|p^„^^„j 

for each n > 0. 

Proof. Consider the restriction map 

limF„ ^ limF„|p^^^^ „^. 

This map is clearly a monomorphism because F„ is an ?7,-condensed functor. To see 
that it is surjective take ip G lh5-^«|-P{„+i „}• We want to extend ip to each p G Ob('P) 
with degij)) > n + 1. We do it inductively on deg{p). 
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Notice that (see the beginning of the proof of Proposition 13.61) 

F4p) ^ lim Fn 

is an isomorphism for deg{p) > n + 1. For deg{p) = n + 2 we have that j G (p | P)* 
imphes that deg{j) < n + 1. Then there is a unique way of extending ijj to iplp). 
Once we have extended ip to V{n+2,n+i,n} we proceed with an induction argument. 
That the extension that we are building is actually a functor is again due to that Fn 
is n-condensed. □ 

Also, from Equations ([9]) and (fTOl) . we have the following formula, analogue to that 
of the Euler characteristic for CVT-complexes: 

Lemma 4.5. Let V be a poset for which exists an adequate local covering family. 
Then 

Y,i-iyrkH\v;z) = Y,{-iy E 

Take up again Equations Qj and ffTUl) . We can form the sequence of abelian groups 

0- n ^o(p)^ n ^i(p)^ n f^(p)^--- 

pGObo(P) peObi(P) pGOb2(P) 

where dn = tn+i ° Wn+i for n > 0. Then it is straightforward that this sequence is a 
co-chain complex and its cohomology is exactly the cohomology of V with integers 
coefficients: 

Theorem 4.6. Let V be a graded poset for which exists an adequate local covering 
family. Then there exists a co-chain complex 

0- n ^o(p)^ n ^i(p)^ n ^^ip)^--- 

peObo(P) pGObi(P) peOb2(P) 

of which cohomology is H*{V] Z). 

5. Global covering families 

Recall that local covering families were defined as subsets of the local categories 
{p I V) for p G Ob('P), where P is a graded poset. In this section we define global 
covering families by subsets of the whole category P, imitating some of the local 
features of the local covering families. 

Definition 5.1. Let P be a graded poset for which there exists an adequate local 
covering family, and consider the sequence of functors Fq = cz, Fi, F2,. . .given by 
Proposition 14.31 A global covering family is a family of subsets K. = {Kn}n>o with 
Kn C Obn(P) such that 
(1) the morphism 

limF„ ^ Yl Fn{p) 
is injective for each n > 0, and 
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(2) the morphism 

n i^n-i(p) - n ^-(p^ 

peOh„-iiv)\Kn-i peK„ 
is pure for each n> 1. 

Notice that the definition does not depend on the particular adequate local covering 
family used to obtain the sequence of functors (as the sequence of functors does not 
depend on it). The map 

n i^n-i(p) - n ^(p^ 

peOb„_i(P)\Jsr„_i peKr, 
used in the definition is the composition 

n ^n-i{p) n ^--^(p) n ^-(p) ^ n ^r^{p). 

p£Ohn-i(V)\K„-i peOhn-iCP) peOh„{P) p&Ku 

We also have maps 

n ^n-i(p)- n n ^-^p)^ n ^-(^^) 

peOb„-iCP)\K„-i peOb„-i(P) peohniv) peObn{P)\Kn 
and 

n i^n-l(p) n ^--^(P^ n ^r^{p) - n ^r^{p), 

peK^-i pGOb„_i(-p) pGOb„(P) pGK„ 

obtained by pre and post composing the differential dn-i with appropiate inclusions 
and projections. We denote all of them by c?„_i. Also we fix the following 

Notation. We will write elements x G npeOb„(p) ^n{p) a.s x = y Q) z, where y G 
Up&ohn{v}\Kn ^n{p) and z G Jlpei^n ^n(p)- Also, dniy ®z) = {yi®zi)® (2/2 + Z2) 
where dn(y ®0) —yi®y2 and d„(0 ® z) — Zi® Z2. 

Next we introduce the Betti numbers associated to a global covering family 

Definition 5.2. Let P be a graded poset for which there exists an adequate local 
covering family, and let /C be a global covering family for V. Then we define, for 
n > 0, the n-th Betti number of the family /C as 

peKo 

and 

= E ^n-l - E + E 

peKn-i peOh„-i{v) peKn 

for n> 1. 
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Remark 5.3. It turns out that a local covering family gives, for each subcategory 
(Po i "P)) a global covering family /C for (po i V) with 6^ = for n > 1 and feg = 1. 
More precisely, let V he a graded poset and let J' be an adequate local covering 
family for V. Fix the graded poset V = {po | V) for some object Pq of V. Define 
Kn = Jn° ^ OhniV') for < n < deg{po) and empty otherwise. Then, using that 
Po is an initial object in V' and Remark 13.81 it is straightforward that /C = {K.}n>o 
is a global covering family for V'. In fact, all the the maps in Definition 15.11 become 
isomorphisms. The integral equalities in Definition 14.21 (adequateness) correspond 
exactly to the statements = 1 and 6,^ = for n > 1. 

Recall once again the exact sequence ([9]). From there we have that bn, the n-th 
Betti number of V, equals 

bn = rk lim - ^ Rl_^ + rk lim 

p60b„_iCP) 

Because the map limF„ Ilpex ^n{p) is injective then we have 

rklimF, < rk J] = 



Thus, by Definition 15.21 

bn<b^ 

for any n > 0. An easy induction argument proves 

Proposition 5.4. Let V be a poset for which exists an adequate local covering family 
and a global covering family K. Then 

bn<b^ 

and 

bn - bn-1 + ... + i-lTbo <b'^-btl + --- + 

for any n > 0. 



Now we focus on the main theorem of this section, which states that we can compute 
the cohomology of V using a cochain complex which in degree n has a free abelian 
group of rank b^: 

Theorem 5.5. Let V be a graded poset for which exists an adequate local covering 
family and a global covering family /C. Then there exists a cochain complex 

with = Z''" for n > 0, of which cohomology is H*{V; Z). 



Before proving the propositon we prove the following definition-lemma 
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Lemma 5.6. LetV be a graded po set for which there exists an adequate local covering 
family and a global covering family K,. Fix n > 1, then there is a split short exact 
sequence 

- n ^ n ^ ^ 0, 

peOb„_iCP)\x„_i p6A'„ 

where = Z^". 

Proof. The map A : npgob„_i(p)\K„_i ^n-i(p) ^ Hpex^ ^"(p) is pure by definition of 
global covering family, and thus its cokernel is free and we have a section. So, 
if we show that this map is a monomorphism we obtain that the sequence is exact 
and the appropriate rank of the cokernel by the definition of the number h^. Take 
^ ^ 'Wp(^ohn^i{V)\Kn-i ^n-iij>) with A (a;) = 0. Recall the sequence 

limF„_/:!li^ npgob„_i(P) ^n-i(p) liiB^n ^ npeob„(P) ^n{p) , 

which is exact at ripGOb^-ifp) -^n-i(p)- Then i„ o ujn{x ® 0)p = for each p G -ft'n 
and, by Definition 15.11 ([1]), we obtain that ujn{x © 0) = 0. By exactness there exist 
y G limF„_i with Ln-i{y) = xQ)0. But, by definition, (x©0)p = for each p G Kn-i- 
Then, by Definition 15.11 ([T]) again, we obtain that y = and x = 0. □ 

The leftmost square in the following diagam commutes, and thus, we can find an 
arrow which closes the rightmost square. We denote this arrow by fi„, and it is the 
differential on B. induced by the differential dn'- 

npeOb„_,(P)\i^„_, Fn-i{pf- UpeK„ Fn{p) 5^ 

I 

"f^n — 1 dn I 

d ^ 
IlpeOh„ir)\K„ Fn{p) -^-^ UpeK^^, K+iiP) B'^^, 0. 

The maps Q. verify Qn+i o i7„ = for each n > 0, as can be seen by using the 
preceding diagram. We have then a chain complex 



and we claim that the homology of this chain complex is the same as that of the chain 
complex in Theorem 14.61 

Thus to prove the proposition we shall build for each n > 1 an epimorphism 

ijj : Ker fi„ — > Ker dn/ Im dn-i 

of which kernel is Imfi„_i. We denote the class of x G HpeXn ^nip) in as x, and 
the class of x G Ker (i„ in Ker dn/ Imdn-i by x. 

Thus, take x G B^ such that n„(x) = 0. Then there is ?/ G Y[peOh„{v)\K„ ^nip) 
such that dn{x) = dn{y). If dn{y®0) = yi®y2 and (i„(0©x) = Xi ©X2 then y2 = X2- 
Define 

ip(x) = —y © X. 
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Th.endn{-y®x) = -{yi®y2) + {xi®X2) = xi-yi®0. Therefore i„+i(u;„+i(-?/©x)) = 
— yi ® and, as the map 

is injective by definition of global covering family, we obtain that xi = yi and dn{—y® 
x) = 0, i.e., —y © x G Ker(i„. Notice that the element y chosen above is unique: if 
y' ^ IlpeOh„{V)\Kn ^riip) and rf„(x) = rf„(?/) then d^iy - y') = and by Lemma ESI 

y = y'- 

Now we prove that ip{x) does not depend on the chosen representative x. Thus 
take x' = X + Z2, where z e Ylp^oh„^i{p)\K„-i ^n-iip) and dn~i{Q®z) = Z\®Z2. Then 
= dn{dn-\{^®z)) = zi^i+Z2,i®zi^2+Z2,2- Morcovcr, dn{y-zi®0) = yi-zi^i®y2~zi^2 
and thus dniy - Zi) = 1/2 - -21,2 =1/2 + -22,2 = X2 + -22,2 = dn{x'). Then, 



ipi^x') = —y + -^i © x'. 



But notice that (i„_i(z©0) = ziQ)Z2 = {—y+ziQ)x') — {—y(Bx) and thus —y + Zi Q) x' = 
—y © X in Ker dn/ Im dn-i- 

It is clear that ip is a. homomorphism. Next we prove that it is an epimorphism. 
Take a © 6 G Kerdn/ Imci^.i. Then = c?„(a © 6) = ai + 61 © 02 + &2- Consider 
b G ripeii'n ^nip)- Notice that (i„(a © 0) = ai © 02 and (i„(0 © 6) = 61 © 62- Hence 
dnip) = 1)2 = —02 = dn{—a), and thus f2„(&) = and il)(h) = a®h. 

To finish the proof of the proposition we show that 'Keiip = Imf2„_i. First take 
X e with X = Qn-iiy) and y G B^_^. There is 2; G UpeOh,,_,(v)\K„^, ^n-iip) 
with dn-iiz) = X - dn-i{y). If dn-i{z © 0) = 2:1 © Z2 and (in-i(0 ® y) = yi ® y2 then 
^2 = a;-?/2 and dn{x) = X2 = 2:2,2+2/2,2- Take t = ~zi-yi G npeOb„_i(P)\K„_i -^n.-i(p)- 
Therefore (i^ (t,0) = -2:1,1 - yi^i © -2:1,2 - 2/1,2, rfn(i) = -2:1,2 - 2/1,2 = 2:2,2 + 2/2,2 = X2 
and = —tQ)x with (i„(2: © = 2:1 + ?/i © 2:2 + 2/2 = —tQ)x. This shows that 

Imfi„_i C Kerip. 

Finally we prove that Keiip ^ Imfi„_i. Take x G such that tjj{x) = in 
Kei dn/ Ira dn-i- This means that ii y E Y[peOh„{V)\Kn ^^^P^ ^^'"^ ^^^^ c^nla^) = 
d„(2/) then there is a © 6 G IlpeObn^iCP) -^n-i(p) ^'^^^ dn-i{a (B b) = —y (B x. Hence 
« e npeOb„_i(p)\i^„_i^«-i(p) and 6 G Up(,Kr.-i{v) ^n-iip) are such that cin-i(&) = 
X — dn-i{a) and thus Qn-i{b) = x. 



6. Simplex-like posets 

In this section we will show that for a big family of posets, which includes simplicial 
complexes, there exists local covering families. We start defining posets which locally 
are like simplicial complexes: 
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Definition 6.1. The category A„ has as objects the faces of the standard n-dimensional 
simplex and arrows the inclusions among faces. For example A2 is the category: 



Definition 6.2. Let P be a poset. Then V is simplex-like if for all p G Ob(P) the 
category {V [ p) is isomorphic to A„ for some n. 

Of course simplicial complexes are simplex-like posets. In fact ( [T^ 3.1]), simplicial 
complexes are exactly the simplex-like posets such that any two elements which have 
a lower bound have an infimum, i.e., a greatest lower bound. Another examples of 
simplex-like posets are barycentric subdivisions and, in general, subdivision categories 
in the sense of [21]. We have: 

Lemma 6.3. Let V he a simplex-like poset. Then is a graded poset. 

Proof. To see that V is graded recall that for any p G Ob('P) the subcategory {V [ p) 
is isomorphic to A„ for some n > 0. Define deg{p) = n. Then deg : Oh{V°^) — > Z is 
a degree function which assigns to maximal elements and V is graded. □ 

Next, we will define local covering families for A°^. Due to the local shape of 
simplex-like posets this local covering family for A°p will allow us to define a local 
covering family for the opposite category of a simplex-like poset. 

Lemma 6.4. There exists an adequate local covering family for A"^ for each n > 0. 

Proof. Fix a total order fo < f 1 < . . . < f „ for the vertices of A„. For each face a 
of A„ and each < m < deg (a) we must define a subset of the m-dimensional 
faces of a. Take the greatest vertex contained in a and then define as those 
m-dimensional faces of cr which contain this vertex. Then it is straightforward that 
JT" is an adequate local covering family of A°p, and that 




m 



1=0 



for cr G An and < m < deg {a). 



□ 



Now we reach the main result of this section: 



Lemma 6.5. If V is a simplex-like poset then there is an adequate local covering 
family for the graded poset V"^. 
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Proof. By definition there are isomorphisms of categories [P | p)''^ ^ (p | ~ 
for each p G Ob(P), and we know that can be equipped with an adequate local 
covering family. To build an adequate local covering family 

Oh{V°P), <p< deg{io) 

we just have to choose appropriately the isomorphisms (P | p) ~ A„. 

Consider the degree function deg : Oh{V°^) — > Z defined in Lemma [6.31 and the set 
T of the maximal elements of V"^, i.e., T = {p E Oh{V"^)\deg{p) = 0}. Choose a 
total order < for T (suppose T is finite or use the Axiom of Choice [18j). Then, given 
p G Oh(V°^), consider the subset (p | 'P°'')o C T and the restriction ((p | V°^)q, <) 
of the total order from T. There is a unique isomorphism 

: (p i ^ /\Z,^^^ 

which induces an order preserving map 

((P i V°'^)q, <) ~ (Ade9(p))o = {?^0, Vi, ^2, . . . , Vdeg(p)}- 

Denote by J the local covering family for A^^^^^^ of Lemma 16.41 and define, for 
< m < deg{p), 

Then /C fulfills condition [a]) of Definition 13.41 because for < m < deg{p) 

To check condition |b]) of Definition 13.41 take q G -ft^^+i for some < m < deg{p) 
and call JT' to the local covering family for Am+i of Lemma 16.41 We want to see that 
C RP^. Recalling the natural inclusion (g | P°p) ^ i "P"^) this is equivalent to 

and to 

where ip = ipp o ip^^. By construction ip is order preserving and thus this inclusion 
holds. □ 

Notice that comparing the general expression for in the proof of Lemma 16.41 
with the binomial expansion of (1 — = we obtain that -R^eg(p) ~ ^ ^^"^ 

object p in a simplex-like poset. The following are re-statements of results about local 
covering families applied to simplex-like posets: 

Lemma 6.6. Let V he a simplex-like poset and consider the graded poset (for 
which exists an adequate local covering family by Lemma 16.5)) . Let K, he a glohal 
covering family for V°^. Then the Betti numhers of the family K. are given hy 
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and for n > 1, by 

b'^=\Kn-l\-\OK-liV)\ + \Kn\. 

Lemma 6.7. Let V a simplex-like poset. Then 

Y,i-iyrkH\v;z) = Y,i-moh{v)\. 

i i 

Again because R^egip) ~ ^' Proposition 14.31 gives TkFdeg{p){p) = 1 and threfore 
Fdeg{p){p) = ^- We may identify the object p E Vn with its image t'o'^i ■ ■ - Vn under 
the isomorphism [V i p) = A„ built in Lemma 16.61 Then the expression for the 
differential in Theorem 14.61 becomes the familiar expression for simplicial complexes: 

Proposition 6.8. LetV be a simplex-like poset. Then there exists a co-chain complex 

of which cohomology is H*{V]'L). Under the identifications described above we have 
for p = VoVi . . .Vn e Ohn{V), n>l and x G Z°''"-i(^) 



j=0 



^VOVl...Vj...V„ 



Proof. Take p and x as in the statement. The short exact sequence considered in 
Remark 13.71 

^ ^ Ker^„_,(p) ^ ^ 

takes the form 

n 

F„,-l{VoVi ...Vn)-^Y\. Fn-l{Vo . . . Vj . . . Vn) ^ Fn{VoVi ...Vn)^0. 

j=0 

By the definition of the differential dn-i we have that dn-i{x)p = TCpiy), where y = 
x\{vo...vj...v„, j = o,...,n} e YYJ^QFn-i{vo. . .Vj . . .Vn). As in Remark[3S]we identify 7rp(2/) 
with its unique pre-image y' G 11^=0 ^n-iivo . . .vj . . . f„) such that 1/^^.. .^-^....j;^ = for 
j = 0, . . . ,n — 1. Thus, if we obtain z G F„_i(t>oi;i . . . f„) such that Xp{z)vo...Vj...v„ = 
yvo...v,...v„ for j = 0, . . . , n - 1, we will have iTp{y) = y' = y - Xp{z). 

The rest of the proof is by induction on n. For n = 1 the short exact sequence is 

where Xp{n) = {n,n). Then, ii y = {yva^Uvi), we have z = y^-^ and 

y' = y- Xpiz) = {yvo,yv^) - {yv^.yv^) = (yvo - yv^,0)- 

Now we make the inductive step for n > 2. Recall that we want z such that 
Ap(2;)^,o... = yvo...v,...v„ for j = 0, . . . , - L Again by Remark ESI we identify 

n-l 

(11) Fn^liVoVi ...Vn) = Yl Fn-2{VoVi . . . Vj . . . Vn-l), 

j=0 
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and, for j = 0, . . . , n — 1, 

(12) Fn^l{VoVi . . .Vj . . .Vn) = Fn-2{VoVi ...Vj... Vn-l), 

and 

(13) F„_i(i;o^^l . . . Vn-l) = Fn-2{VoVi . . . Vn-2)- 

Recall that the "diagonal" Xp is given by Y[j=o Fn-i{vo ■ ■ ■ Vn ^ vq . . . Vj . . . f„). For 
jo G {0, . . . , n—1}, and with the identifications (ITTl) and (fT2l) . the map F„_i(t>o . . . w„ — > 
f . . . f jo . . . Vn) becomes exactly the projection 

n-l 

Yl Fn-2{VoVi ...Vj... Vn-l) Fn-2iVoVi . . . V^j^ . . . Vn-l). 
j=0 

Thus, z e Fn-i{voVi ...Vn) is such that ^„o,;i...,;,...^„_i = yvovi...vj...vr, (again under the 
identifications ffTTl) and f|T2l) ). The only thing left to compute is F„_i(wo---^n 
VqVi . . . Vn-i){z) under the identifications ffTTj) and f|T3|) . Define g = Wofi . . . fn-i and 
consider the short exact sequence given by Remark 13.71 

n-l 

Fn-2iVoVi . . . Vn-l) JJ Fn-2{voVl ...Vj... Vn-l) ^ K-liv^Vi . . . Vn-l) ^ 0. 

i=o 

Now, by the induction hypothesis, T^q{z) = J2]j=oi~^)^^^^'^ ^vovi...vj...vn-i- Thus, fi- 
nally, 

n-l 

y — y ~ ^ — {yvo...vn-i ~ '^^ (~-^) '^Zygv-^,,,^j,,,v^_-^,o,...,o) 

j=0 

which equals 

n 

y' = {J2{-i)^-^yvo......',.....,o,---,o). 

j=0 

□ 

Before finishing this section we show how the symmetry of the category A„ is 
useful when checking if a given family of subsets of objects /C = {Kn}n>o fulfills 
the properties of a global covering family. Consider a simplex like poset V and call 
J' to the local covering family for {p I 'P°p') ~ built in Lemma 16. 5[ Denote 
p = VqVi . . .Vn and assume deg{p) = n > 1, then there are isomorphisms (Remark 

n-l 

Fn-l{VoVi ...Vn)^Y\. ^n-livQ . . . Vj . . . Vn) 

and 

Fn{VoVi ...Vn)^ Fn-l{VoVi . . . Vn-l). 

By letting the symmetric group act on we map to other local covering 

families for (p J, 'P"^). In particular we can permute Vn with any of the objects 
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{vq, . . . , f„_i}. Recall that the functors F. do not depend on the local covering family 
chosen. We may summarize this as 

Remark 6.9. Let V he a. simplex-like poset and let p = VqVi ... f„ be an object with 
deg{p) = n> 1. The maps 

n 

Fn^l {VqVi ...Vn)^ JJ i^n.-l (^^0 ■ ■ ■ Vj ■ ■ ■ Vn) 

and 

Fn{VoVi ...Vn)^ K-l{Vo ■ ■ ■ V% . . . Vn-l). 

are both isomorphisms for jo = 0, . . . , n . 

Example 6.10. In this example we consider the real projective plane MP^ and a 
poset model P of it. It has four 2-cells, six edges and three vertices: 



w 


b 








B / e 


A 






/ \ 


c / 


D \ 




/\ 


b 


w 




This poset is a simplex-like poset and thus there is a local covering family for its 
opposite category V"^. Notice that it is not a simplicial complex as, for example, 
there are two edges (c and e) with common vertices v and x. Applying Proposition 
16.81 we obtain that its cohomology is computed by a co-chain complex: 



3 ''q^ ^6 ^ ^4 



0. 



Proposition 16.81 gives a description of the differentials do and di. Now consider the 
following family /C = {Kq, Ki, K2} of subsets of objects of V: 

Kq = {x}, 
Ki = {rf,e, /}, 
K2 = {A,B,C,D}. 

Using Remark 16.91 it is straightforward that /C is a global covering family. Its Betti 
numbers are 6^ = 1, 6f = 1 and 6^ = 1 and thus, by Theorem 15.51 the cohomology 
of RP^ is that of a cochain complex 

The induced differentials are easily computed to be f2o = and Qi = x2. 
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7. Morse theory 

In this section we show how any Morse function on a simphcial complex gives rise 
to a global covering family. The setup for this section is the discrete Morse theory for 
Ciy-complexes that Forman introduces in [12] . We will restrict ourselves to simplicial 
complexes, as the same author does in the user's guide [I3j . 

We start introducing the concept of Morse function in this context. Suppose "P is a 
given simplicial complex (in this section all simplicial complexes are assumed to have 
a finite number of vertices). Also, for a simplex p we write to denote that n is the 
dimension of p. A function / : P M is called a Morse function if for each G P 

|{g"+^>p|/(g)</(p)}|<l 

and 

|{g"-i<p|/(p)</(g)}|<l. 
This means roughly that / increases as the dimension of the simplices increase, with 
at most one exception, locally, at each simplex. We reproduce here the basic result 
[T2| Lemma 2.5] 

Lemma 7.1. Let V be a simplicial complex and f : V ^ M. a Morse function. Then 
for any simplex either 

|{g"+i>p|/(g)</(p)}| = 

or 

|{g"-i<p|/(p)</(g)}| = 0. 

If both conditions in the lemma hold for a simplex then we call it critical, i.e., for 
pn p we say that p is critical if 

|{g"+i>p|/(g)</(j9)}|=0 

and 

|{g"-i<p|/(p)</(g)}| = 0. 
Now, we come back to the setup of posets. Because "P is a simplicial complex then 
it is a simplex-like poset, and by Lemma 1^751 there is an adequate local covering family 
for V"^. In the next proposition we see how any Morse function f : V ^ gives rise 
to a global covering family on 'P"^. 

Proposition 7.2. Let V be a simplicial complex and / : P — M a Morse function. 
Then there is a global covering family JC for . Moreover, for each n > 0, 

— {{critical simplices of dimension n}\. 

Proof. According to Lemma [7. II we can divide the simplices of dimension n > 0, P„, 
in the following disjoint sets 

Cn = > p\f{q) < f{p)}\ = and \{q--' < p\f{p) < f{q)}\ = 0}, 

^n = {p1|{g""'<p|/(j>)</(g)}| = i}, 

and 

i?n = KI|{g"+'>p|/(g)</(p)}| = i}. 
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The set C„ consists of the n- dimensional critical simplices. For n > 1 there is a 
bijection 

which maps G En-i to the unique ra-simplex g" with /(g) < f{p). Now define 
Kn = U Dn (disjoint union) for each n > 0. Notice that if /C = {Kn}n>o were a 
global covering family then 

= \Ko\ = \Co\ + \Do\ = \Co\ 

as Z^o = and, for n > 1, 

hi = \Kn-l\ - \Vn-l\ + \Kn\. 

Because of the bijection En-i = Dn this equals 

= |C'ri-l| + — (|C„-l| + |-Dn-l| + l-f'n-ll) + |Cn| + |D„| = |C„|. 

Fix n > 0. We show that the restriction map 

w : limi^„ JJ Fn{p) 

is a monomorphism, where F„ : —>■ Ab are the functors obtained from Lemma 
applied to V^. 

Take ip G limF„ = homp^^r^c^, Fn) which goes to zero by the restriction map w. 
If we prove that ip{q) = for each simplex of dimension n + 1 then tp{p) = for 
every simplex of dimension n. To see this consider any simplex p". If p is not the 
face of any {n + l)-simplex then p G Kn and ip{p) = (as is in the kernel of w). 
If there exists q^^^ with q > p then ip{q) = by hypothesis and then ip{p) = ip{q —>■ 
p){4'{'l)) = i^il ~^ P)(0) = 0- Finally, as Fn is n-condensed, if ipip) = for each 
n-simplex p then ip = 0. 

Now we prove that ip{q) = for any (n+ l)-simplex q. Recall that we are assuming 
that the set of vertices of V, and thus V itself, is finite. We consider the total ordered 
finite set f{Vn+i) and make induction on it. The base case is a (n + l)-simplex q such 
that f{q) = min{f (Vn+i)} ■ There are n + 2 n-dimensional faces of q. If at least n+ 1 
of these faces are in Kn then ip{p) = for each of these faces and, by I6.9[ ipil) = 0- 

Now suppose that there exists at least two n-dimensional faces of q which are not 
in Kn- By the definition of Morse function one of the values of / in these faces is 
strictly smaller than /(g). Call this face p so /(g) > /(p). As p belongs to En there 
exists an (n + l)-dimensional simplex g' such that q' > p and /(g') < f{p)- But 
then we obtain /(g) > /(p) > /(g')- This contradicts the fact that /(g) is minimun 
among (n + l)-simplices and thus it has to be the case that there are at least n + 1 
n-dimensional faces of g which are in Kn- 

Next we do the induction step: take an (n + l)-dimensional simplex g. By definition 
of Morse function at least n + 1 of the n + 2 n-dimensional faces p of g satisfy 
/(g) > f{p)- For each one of these n + 1 faces p either p G Kn and '(/'(p) = or p G -E„ 
and there exists a (n + l)-dimensional simplex q' with /(g') < f{p)- In this last case 
we obtain /(g) > f{j>) > f{q') and then by the induction hypothesis ip{q') = and 
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ip{p) = ip{q' —>■ p){ip{q')) = 0. Thus, ip is zero in at least n + 1 n-dimensional faces of 
q and by 16.91 ■j/'fg) = 0. 

Now we prove that for n > 1 the map 

is pure. Take y e UpeK„^n{p) , m > 1 and z e Up&oh^_,iP)\K„_, ^n-i{p) with 
m ■ y = w{z). We want to prove that m\zp for each p G Ob„_i('P) \ Kn-i- We do 
this by induction on /(Ob„_i('P) \ K^-i). The base case is a (ra — l)-simplex p not in 
such that f{p) is a minimum value. As p is in En-i there is g" G -Dn C with 
fiq) < /(p)- For any of the n faces of q different from p we have f{q) > f{p') and 
thus f{p) > f{q) > f{p'). As f{p) is minimum then p' G and, by Remark [6.9[ 

m\zp as m\w{z)q. The induction step runs in a similar way to the earlier case. □ 



8. Webb's conjecture 

In [7], Brown introduces the so called Brown's complex of a finite group. Given a 
finite group G and a prime p, its associated Brown's complex Sp{G) is the geometrical 
realization of the poset of non trivial p-subgroups of G. Webb conjectured that the 
orbit space Sp{G)/G (as topological space) is contractible. This conjecture was first 
proven by Symonds in [27], generalized for blocks by Barker [2l [3] and extended to 
arbitrary (saturated) fusion systems by Linckelmann [2T] . 

The works of Symonds and Linckelmann prove the contractibility of the orbit space 
by showing that it is simply connected and acyclic, and invoking Whitehead's The- 
orem. Both proofs of acyclicity work on the subposet of normal chains (introduced 
by Knorr and Robinson [19j for groups). Symonds uses that the subposet of normal 
chains is G-equivalent to Brown's complex, as was proved by Thevenaz and Webb in 
[28] . Linckelmann proves on his own that, also for fusion systems, the orbit space and 
the orbit space on the normal chains has the same cohomology [211 Theorem 4.7]. In 
this chapter we shall apply the results of Section [5] to prove, in an alternative way, 
that the orbit space on the normal chains is acyclic. 

Let (5', JF) be a saturated fusion system where S* is a p-group [6J. Consider its 
subdivision category S{T) (see [5TI Section 2]) and the poset [5(JF)]. An object in 
[iS(jF)] is an ^-isomorphism class of chains 

[Qo < Ql < • • • < Qn] 

where the Qj's are subgroups of S. The subcategory ([5(JF)] [ [Qq < . . . < Qn]) has 
objects [QiQ < . . . < QiJ\ with < m < n and Q < ii < 12 < ■ ■ ■ < im ^ n (see [HI 
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Section 2] again). For example, | [Qq < Qi < Q2]) is 

m — - [Qo < Qi] 

X ~ 

[Qi] [Qo < Q2] 

X . 

[Q2] — - [Qi < Q2] 

Then it is clear that is a simplex-like poset. Following Linckelmann's no- 

tation, denote by S^{J^) the full subcategory of which objects Qq < . . . < Qn 

with Qi<Qn for i = 0, ...,n. Also, denote by [iS<](jF)] the subdivision category 
of >S<](J^), which is a sub-poset of [S{J^)]. By [211 Theorem 4.7], H*{\S{J^)]]'L) = 
H*{[S^{J^)];Z). Our goal in this section is to prove that H''{[S^{J^)];Z) = for 
n > 1 and if°([iS<|(jF)]; Z) = Z. It is straightforward that [5<](jF)] is a simplex-like 
poset and thus, by Lemma ESI there exists an adequate covering family for the graded 
poset [iS<|(jF)]°P. We shall build a global covering family JC for [S^{J^)]°p. This family 
/C will verify 6^ = for n> 1 and = 1, and so Theorem 15.51 will give the desired 
result. 

The definition of the global covering family is as follows, and it is related with the 
pairing defined by Linckelmann in [2TI Definition 5.5]. The notion of paired chains 
was used by Knorr and Robinson in several forms throughout [19j . 

Definition 8.1. For the graded poset [5<|(JF)]°p define the subsets /C = {Kn}n>o by 

K^={[Qo<...<Qn]\[Qo<---<Qn] = [Qo<---< Qn] ^=oNsm = Q'n} ■ 

The fact that JC is defined through a pairing provides (see below) a bijection ip : 
Ob„([iS<|(jF)]°P) \ Kn — > Kn+i for each n > 0. This proves that b'^ = for each n > 1. 
Moreover, Kq = {[S]} and thus 6^ = 1. Next we prove that the family /C = {Kn}n>o 
defined in 18.11 is a global covering family for [S<:i{!F)]°^. We use terminology and 
results from [6], Appendix]. 

For any chain Qo < • • • < Qn in '5<i(JF) define the following subgroup of automor- 
phisms of Qn 

^Qo<...<Q„ = {a e Aut(Q„)|a(Qi) = Q^, i = 0, . . . , n}. 

Then, 

Np-<-<'^"iQn) = r\t=oNsm- 
If [Qo < . . . < Qn] = [Q'o < ■ ■ ■ < Qn] then there is ip e Iso^((5„, Q'J with Q[ = (p{Qi) 
for z = 0, . . . , 77, and 

By % A.2(a)], Q„ is fully AQo<...<Q„-normalized if and only if lA^^'^"^"^'^" (Q„)| is 

maximum among \Ng ° "' "{Qn)\ with [Q'q < . . . < Q'^] = [Qq < . . . < Qn], i.e., if 
and only if | fl^^g ^siQi)\ is maximum among | n"^o ^siQ'i} \ mth [Qq < . . . < Q'^] = 
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[Qo < . . . < Q„] . Notice that in the isomorphism class of chains [Qo < • • • < Qn] there 
is always a representantive Q'^ < . . . < Q'^ which is fully Aq/^< <Q/^-normalized, and 
that any two represent ant ives Q'^ < . . . < Q'^ and Qq < . . . < of [Qq < . . . < Qn] 
which are fully ylQjj< <Q/^ -normalized and fully <Q//-normalized respectively 

verify 

\rt=oNs{Q'i)\ = \r^=oNs{Q':)l 

Thus, Definition 18.11 is equivalent to 
Definition 8.2. For the graded poset [5<](JF)]°p define the subsets /C = {Kn}n>o by 

Kn = {[Qo<...< Q'n] I Q'n f^lty Aq.<...<q;^ -normalized and nr=oA^5(Q-) = Q'J- 
Lemma 8.3. For any n > there is a bijection 

Proof. Take [Qo < . . . < Qn] G 0b„([5<](JF)]°P) \ Kn and a representantive Q'q < 
. . . < Q'^ which is fully y4Qj^< <Qj^ -normalized. Then n^^oNs^Q'j) > Q^- Define 
il^ilQo < ... < Q„]) = [Q'o <. . . <Q'n < n.'LoA^slQD]- The proof is divided in four 
steps: 

a) ip is well defined. Take another representantive Qq<...< Q'^ which is fully 
^Q[^<...<Q'^-''^OTmalized. Then, by P, A. 2(c)], there is a morphism 

with ipiQ'^) = Q^' for z = 0, . . . , n. As | n.'Lo Ns{Q'i)\ = \ n^o Ns{Qi)\ then cp is an 
isomorphism onto Ng'^°^" '^'^"{Q'^) and thus 

[Q',<...<q:,< rt^oNsiQi)] = [Q'^<...<q:< ntoNsiQ':)]. 

b) i^HQo < ... < Qn]) belongs to Kn+i- We have -^{[Qq < ... < Qn]) = [Q'q < 
...< Q'^< n^^oiVs(Q^)] where Q'^ < . . . < Q'^ is fully AQ/^<...<Q^-normalized. Take 
any representantive Qq<...<Q'^< Q^^^ in [Qq < . . . < Q'„ < Pi^^^NsiQ'i)]. If it 
were the case that Q^+i < ^^=QNs{Qi) then we would have 

^UNsm = Q'U, < rt^o'NsiQ'D < rri^oNsm, 

which is in contradiction with Q'q < ... < Q'^ being fully Aq/^^ ^q^^ -normalized. 

c) is injective. Suppose we have [Qo < • • • < Qn\ and [Rq < . . . < with 

[Q'q<...<q'^< nUNsm] = [R'o<...<K< ri^^oNsiR'i)]- 

Then [Ro <..._< Rn] = [R'o <...< K] = [Q'o <■■■< Qn] = [Qo < ... < Qn]. 

d) ip is surjective. Take [Qq < . . . < Qn < Qn+i] in -^n+i- We check that 

IpHQo < ... < Qn]) = [Qo < . . . < Qn < Qn+l]. 

Take a representantive Q'q < . . . < Q'^ in [Qq < . . . < Qn] which is fully Aq/ ^ ^q'^- 
normalized. Then [Qo < • • • < Qn] e 0b„([5^(J^)]°P) \ Kn and il>{[Qo < . . . < Qn]) = 
[Q'q<...<Q'^< ntoNsiQ'i)]- Then, by © A.2(c)], there is 
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With ip{Q,) = for 2 = 0, . . . , n. As Q^+i = ni=^^iVs(gi) then Q^+i < n^^NsiQ,) 
and (p{Qn+i) < n"^QA^5(Q-)- If i^ ^^re the case that (p{Qn+i) < (~^i=oNsiQ'd ^^en we 
would have 

a contradiction. Thus, ip{Qn+i) = n^^QNsi^Q'j) and the proof is finished. □ 
Lemma 8.4. The family /C = {Kn}n>o defined in \8.1\ is a global covering family for 

Proof. We start proving that for any n > the map 

limF„-. J] F„(z) 

is a monomorphism. Take G limF„ such that = for each i G Kn- If 

there is no object of degree greater than n then Kn = 0bn([5<|(jF)]°P) and we are 
done. If not, we prove that = for each j of degree + 1 by induction on 
|(5n+i|- This is enough to see that ip is zero as F„ is ra-condensed. The base case is 
j = [Qo < ■ ■ ■ < Qn+i] with |Qn+i| maximal. This implies that C Kn- Then ip{j) 
goes to zero by the monomorphism 

and thus ip{i) = 0. For the induction step consider j = [Qq < . . . < Qn+i] and 
j' = [Qo < ■ ■ ■ < Qi < ■ ■ ■ < Qn+i] G Ji with < / < n. Then, either j' G Kn and 
ip{j') = 0, or j' ^ Kn and there is an arrow in [i5<|(JF)]"p 

j" = [Q[, < . . . < Q; < . . . < Q'n^, < nto,^iNsiQ[)] ^f=[Qo<...<Qi<...< Qn+l]. 

In the latter case ipi^j") = by the induction hypothesis, and thus ip{j') = too. As 
before, since the map — > YlieJ^ Fnif) is a monomorphism, = 0. 
Now we prove that for any n > 1 the map 

uj : n ^"-i(') ^ n ^"^') 

iGOb„_i(P)\A'„_i i€K„ 

is pure. Take y G UieK,, F„(i), m > 1 and x G UieOb^-i{P)\K,,^i K-iii) with 

m ■ y = uj{x). 

We want to find x' with m ■ x' = x. We prove that Xi is divisible by m for each 
i = [Qo < ■ ■ ■ < Qn-i] G Ohn-i(V) \ Kn-1 hj iuductiou on The base case is 

^ = [Qo < ■ ■ ■ < Qn-i] with IQrt-il maximal. Consider the arrow in [S<i{J^)]°^ 

j = [Q'^<...< g;_, < ri^-^'NsiQ'^] -^[Qo<...< Qn-i]. 

As Qn-i is maximal then Jn_i C Kn~i- Then m ■ yj = uj{x)j is the image of 
{xi, 0, . . . , 0) by the map 

Ker'^„-.(J)= n FnM^^Fnij). 
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As Fn{j) = n/e(ii[5<3(^)])„-i\J;i,i = Fn~i{i) by Remark E3] then m divides Xi. 

For the induction step consider i = [Qq < . . . < Qn~i] G Ob„_i(P) \ Kn_i and 
j = [Q'q < ... < Q'n-\ < n-Zo"^A^5((5-)]. As before, m ■ yj = iu{x)j is the image of 
X = x\{j I [5<i(J')])„_i by the map 

ieUl[S<i{:F)])u-i 

By Remark 13.81 again. 

m-yj = nj{x - {Xj o Sj){x)) = TTj{{xi - {Xj o .Sj){x\J^),0, . . . ,0)). 

Now, by the induction hypothesis, for each I G either / G Kn-i and xi = 0, either 
I ^ Kn-i and thus, by the induction hypothesis, m divides xi. Then m divides x\Jl 
and so, by the equation above and the isomorphism -F„(j) = m divides Xi 

too. □ 



9. COXETER GROUPS 

It is well known that the Coxeter complex associated to a finite Coxeter group 
{W,S) is a simplicial decomposition of a sphere of dimension 15*1 — 1, and thus has 
the homotopy type of a sphere. In case W is infinite then this complex becomes 
contractible. In this section we prove that the cohomology of the Coxeter complex 
is that of a sphere if W is finite or trivial if W is infinite. We do it by using the 
techniques of earlier sections. More precisely, we construct a global covering family 
/C for the Coxeter complex with = b^\_i = 1 and = 0, n 0,\S\ — 1 for W 
finite, and with 6^ = 1 and b^ = 0, n ^ ioT W infinite. We will use general facts 
about Coxeter groups which can be found in [S], [T7] or [T3j, as well as we will recall 
some basic definitions and statements. 

Let (W, S) be a Coxeter system where W is a Coxeter group and S = {si, s^} 
is a set of generators (which we always assume is finite). For any word w & W its 
length l{w) is the minimum number of generators from 5* that are needed to write it. 
If W is finite there is a unique element of maximal length which we denote by wq. 
For every subset I G S we have the parabolic subgroup Wj < W generated by the 
generators belonging to /. We also define the following subset 

= {we W\l{ws) > l{w) for all s G /}. 

In [TTl 5.12] and [5, excersise 3, p. 37] is proven the following: 

Lemma 9.1. Fix ICS*. Given w G W , there is a unique u G and a unique 
V G Wj such that w = uv. Then l{w) = l{u) + l{v). Moreover, u is the unique element 
of smallest length in the coset wWj. 

From this lemma it is straightforward that there is a bijection 
(14) W/Wi 

which sends the coset wWi G W/Wj to the unique element u G of smallest length 
in the coset wWi. Notice that uWj = wWi for w and u as in the lemma. Next we 
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describe the Coxeter complex associated to {W,S): it is a simplicial complex which 
simplices are the cosets of proper parabolic subgroups with inclusion reversed: 

wWi ^ w'Wr ^ I C I' and w~^w' G Wj'. 

The dimension of the simplex wWj is n = \S\ — \I\ — 1. Thus, vertices correspond 
to maximal subsets I of S and facets, i.e., maximal dimensional faces, correspond to 
/ = 0. Notice that it is a pure simplicial complex. By the bijection fll4p we can write 
the coset wWj as uWj with u G , where w and u are as in the previous lemma. 
We will do this in the rest of the section. For any u & W define (cf. [17, 1.11]) 

S^ = {se S\l{us) > l{u)} 

and let Su = in.ax{Su} be the maximum element in Su with respect to the order in S: 
Si < ... < sn- Notice that S'^ = if and only if m = 1. Moreover, if W is finite then 
= if and only u = wo, the unique word of maximal length. It is also clear that 

(15) u eW^ ^ I C Su. 

Before defining the global covering family notice that, by Lemma [6.5[ there is an 
adequate local covering family for V"^. Now, for each n > define 

Kn = {uWj\\I\ = \S\ - 1 - n and s„ ^ /}. 

The condition |/| = IS"! — 1 — n in the definition above just states that uWi correspond 
to a simplex of dimension n. 

Lemma 9.2. The family K, = {Kn}n>o is a global covering family for . Moreover, 
6o = 1. IfWis finite then J'l^i.i = 1 and b'^ = for n 0,\S\ - 1. IfWis infinite 
then b^ = for n ^ 0. 

By Theorem 15.51 this lemma imply that the integral cohomology of V is that of a 
sphere of dimension 15*1 — 1 if is finite, and that of a point if W is infinite. 

Proof. First we compute the numbers b^ and afterwards we will prove /C satisfies 
Definition 15. 1[ Fix u & W and consider the contribution which it makes to 'P°p. By 
Equation (fT5|) u G if and only if / C S'„. Thus, denoting by Vu the sub-poset with 
objects {uWi, I C Su} we have that V is contained in the disjoint union IJueiy "^"^ 
is a combinatorial exercise (cf. Lemma that there is a bijection between Kn+iP[Vu 
and {Vn \ Kn} fl "P^ for n > if -u 7^ Wq. This gives, in case W is infinite, b^ = 
for n > 1. If is finite then Vwo = {wioW^0} and wqW^ is a facet which belongs to 
K\s\-i. Then we obtain b^\-i = 1 and b^ = for 15*1 — 1 > n > 1. Finally, it is an 
easy consequence of the definition that i^'o = {1 ■ Ws\{sj^}} and thus = 1. 
Now fix n > 0. We show that the restriction map 

limF„^ II FniuWi) 

is a monomorphism, where F„ : Ab are the functors obtained from Lemma 

S3] applied to V°p. 

Take ip G lim F„ = hom^j^-p {cz, Fn) which is mapped to zero by the restriction map. 
To prove that ^/^ = it is enough to prove that %Ij{uWi) = for each simplex uWj of 
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dimension n + 1 (as in the proof of Theorem I7.2p . We do this by induction on the 
length l{u). 

We start with uWj with l{u) = 0, i.e., u = 1. Then Su = S. If Su = sn ^ I, i.e., 
u G Kn+i, then there n+1 n-faces of u which are in K^. These are the cosets Wj where 
J = /U {s} with s G S\{IU {sn}}- The remaining face, i.e., Wj with J = lU {sn}, 
is not in Kn- By Remark |6.9[ ipiWi) = 0. Now assume that s„ = sat G /, i.e., 
u ^ Kn+i- Consider any of the n + 2 n-faces Wj of Wi, where J = / U {s} with 
s G S\I. Then VTj is also a face of then n + 1 simplex Wi\{sn}u{s}- By the preceding 
argument for the case W/\{s]v}u{s} ^ -^n+i we obtain i'(Wj\{sN}u{s}) = 0, and thus 
"^{Wj) = 0. Then ip is zero in all the faces of Wj. By Remark 16.91 again we obtain 
ij{Wj) = 0. 

Next we do the induction step: take an n+1 dimensional simplex uWj with l{u) > 0. 
First assume that u G Kn+i, i.e., Su ^ /. The faces of uWj are the n + 2 ra-simplices 
uWj where J = / U {s} and s G 5* \ /. Notice that, as J C Su, S\I = Su\I ^ S \ Su, 
where the union is disjoint. Take first s G S\Su- Then l{us) < l{u) and, as us G uWj, 
the unique element u' of minimal length in uWj is different from u and has smaller 
length. Then uWj = u'Wj is also a face of u'Wi. By the induction hypothesis and 
because l{u') < l{u) we have ip{u'Wi) = and thus ip^uWj) = 0. Now take s E Su\I- 
Then uW^j G unless s = Su- Then ip is zero in all but one face of uWj and, by 
Remark EIHl ip{uWi) = 0. 

Now assume that u ^ -ft'n+i; i-e., s„ G /, and take a face uWj as before. If 
J = / U {s} with s G S \ Su then arguing as before we obtain that ipi^uWj) = 
0. If J = / U {s} with s E Su\ I then mI^j is also a face of the n+1 simplex 
'ul^7\{s^}u{s}. By the preceding argument for the case uWj\{sn}u{s} ^ Kn+i we have 
ip{uWj\^SN}u{s}) = 0, and thus ipiWj) = 0. Then ip takes the value zero in all the 
faces of uWj and by Remark [6l9l iIj (uWt) = 0. 

Finally, fix n > 1. The proof that the map 

w: H Fn-i{uWi)^ H Fniu'Wp) 

is pure is made as in Theorem 17.21 It uses induction on the length l{u) for (n — 1)- 
dimensional simplices uWj, and the base case is u = 1. □ 

References 

[1] M. Aschbacher and S.D. Smith, On Quillen's conjecture for the p-groups complex, Ann. of Math. 

(2) 137 (1993), no. 3, 473-529. 
[2] L. Barker, Alperin's fusion theorem and G-posets, J. Group Theory 1 (1998), no. 4, 357-362. 
[3] L. Barker, On contractibility of the orbit space of a G-poset of Brauer pairs, J. Algebra 212 

(1999), no. 2, 460-465. 

[4] S. Bouc, Hom,ologie de certains ensembles ordonnes, C. R. Acad. Sci. Paris Ser. I Math. 299 
(1984), no. 2, 49-52. 

[5] N. Bourbaki, N. Elements de mathematique. Fasc. XXXIV. Groupes et algebres de Lie. Chapitre 
IV: Groupes de Coxeter et systemes de Tits. Ghapitre V: Groupes engendres par des reflexions. 
Ghapitre VI: systemes de racines, Actuahtes Scientifiques et Industrielles, No. 1337 Hermann, 
Paris 1968. 



A METHOD FOR INTEGRAL COHOMOLOGY OF POSETS 



35 



C. Broto, R. Levi, B. Oliver, The homotopy theory of fusion systems, J. Amer. Math. Soc. 16 
(2003), 779-856. 

K.S. Brown, Euler characteristics of groups: the p-fractional part, Invent. Math. 29 (1975), no. 
1, 1 5. 

P.M. Cohn, Algebra, Vol. 3, John Wiley & Sons Ltd., 1991. 
A. Diaz, A family of acyclic functors, preprint 2007. 

W. G. Dwycr, Classifying spaces and homology decompositions, Advance Course on Classifying 
Spaces and Cohomology of Groups, Centre de Recerca Matematica, Bellaterra, (1998). 
S. Eilenberg, J. A. Zilber, Semi-simplicial complexes and singular homology, Ann. of Math. (2) 
51, (1950). 499 513. 

R. Forman, Morse theory for cell complexes. Adv. Math. 134 (1998), no. 1, 90-145. 

R. Forman, A user's guide to discrete Morse theory, Sem. Lothar. Combin. 48 (2002), Art. 

B48c, 35 pp. (electronic). 

P. Garrett, Buildings and classical groups. Chapman & Hall, London, 1997. 

P.A. Griffith, Infinite abelian group theory, The University of Chicago Press, Chicago, 111.- 

London 1970. 

J. Grodal, S. Smith, Stephen, Propagating sharp group homology decompositions. Adv. Math. 
200 (2006), no. 2, 525-538. 

J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies in Advanced Math- 
ematics, 29. Cambridge University Press, Cambridge, 1990. 

T.J. Jech, The axiom of choice, Studies in Logic and the Foundations of Mathematics, Vol. 
75. North-Holland Publishing Co., Amsterdam-London; Amercan Elsevier Publishing Co., Inc., 
New York, 1973. 

R. Knorr, G.R. Robinson, Some remarks on a conjecture of Alperin, J. London Math. Soc. (2) 

39, (1989), no. 1, 48-60. 

A. Libman, Normalizer decomposition forp-local finite groups. Algebraic & Geometric Topology 
6 (2006) 1267-1288. 

M. Linckelmann, The orbit space of a fusion system is contractible, preprint (2004). 

S. Mac Lane, Categories for the working mathematician. Graduate Texts in Mathematics, Vol. 

5. Springer- Verlag, New York-Berlin, 1971. 

S. Mac Lane, Hom,ology, Die Grundlehren der mathematischenWissenschaften 114, Springer- 
Verlag, Berlin-New York, 1967. 

J. W. Milnor, Morse theory. Annals of Mathematics Studies, No. 51, (1963), Princeton Univer- 
sity Press. Princeton, NJ. 

D. Quillen, Higher algebraic K-theory I, Lecture Notes in Math. 341 (1973), 85-147. 

D. Quillen, Homotopy properties of the poset of nontrivial p-subgroups of a group. Adv. Math. 
28 (1978), no. 2, 101-128. 

P.A. Symonds, The orbit space of the p-subgroup complex is contractible. Comment. Math. 
Helvet. 73 (1998), 400-405. 

J. Thcvcnaz, P.J. Webb, HomMopy equivalence of posets with a group action, J. Combin. Theory 
Ser. A 56 (1991), no. 2, 173-181. 

C.A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathe- 
matics 38, Cambridge University Press, Cambridge, 1994. 



Department of Mathematical Sciences, King's College, University of Aberdeen, 
ABERDEEN AB24 3UE U.K. 

E-mail address: a. diazOmaths. abdn.ac.uk 



